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Abstract. The field-of- norms functor is applied to deduce ex- 
plicit reciprocity formulae for the Hilbert symbol in the mixed 
characteristic case from the explicit formula for the Witt sym- 
bol in characteristic p > 2 in the context of higher local fields. 
Is is shown that a "very special case" of this construction gives 
Vostokov's explicit formula. 



Introduction 

Throughout this paper, M and N are fixed natural numbers, p is an 
odd prime number, W(k) is the ring of Witt vectors with coefficients 
in a finite field k of characteristic p, W(k)<Q p = W(k) ®z p Q P , and a is 
the Frobenius automorphism of W(k) induced by the p-th power map 
on k. In the main body of the paper we shall also use other notation 
from this Introduction without special reference. 

Suppose F is an N- dimensional local field of characteristic with the 
(first) residue field F^ (which is an (iV — l)-dimensional local field) of 
characteristic p, F is a fixed algebraic closure of F and Vp — Gd\{F / F) . 
Note that, by definition, the last residue field F^ N > is a finite field of 
characteristic p which we shall denote by k. Fix a system of local 
parameters 7Ti, . . . , in F. Let Vp be the (first) valuation of F such 
that vp(F*) = Z. Then Vp can be extended uniquely to F and we 
introduce for any c ^ 0, the ideals p c F = {a E F \ Vp(a) ^ c}. 

Let F m be a strictly deeply ramified (SDR) fields tower with param- 
eters (0,c), where < c ^ vf{j>). This means that F, = {F n \n ^ 0} 
is an increasing tower of algebraic extensions of Fq = F such that for 
all n > 0, 
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— the last residue field of F n is k; 

- there is a system of local parameters 7Ti , . . . , in F n such that 
7ri n+1)p = 7ri n) modp^...,7r^ +1)? '=7ri n) modp^ 

The construction of the field-of-norms functor X from [T7j attaches 
to F, a field X(F m ) = J 7 of characteristic p. This field is the frac- 
tion field of the valuation ring Ojr = \^mO Fn /p c F , where Op n = {a E 

n 

F n | Vp(a) ^ 0} are the (first) valuation rings of F n for all n ^ 0. 
Note that J 7 has a natural structure of an N- dimensional local field 
of characteristic p with system of local parameters t\ = h^m7r[ n \. . . , 

n 

£jv = hjxi7rjy' > and last residue field = k, i.e. J 7 is the field of formal 

n _ 

Laurent series • • • ((^i))- I n addition, the field-of-norms functor 

X provides us with a construction of a separable closure T sev of T and 
identifies the Galois groups IV = Gal^^/J 7 ) and T Foo = Gal(F / F^) , 
where F^ = {J n ^ F n . 

We use the above system of local parameters t\, . . . , % to construct 
an absolutely unramified lift of J 7 of characteristic 0. Then L(JF) 
is an (N + l)-dimensional local field with system of local parameters 
p, ti, . . . , t]si] its first residue field L^)^ coincides with T and for 
1 ^ i ^ N, we have ti modp = tj. 

For any higher local field L, let Kn(L) be its iV-th Milnor i^-group. 
In this paper we mainly use the topological versions K l N (L) of the 
Milnor i^-groups, which have explicit systems of topological generators. 
Nevertheless, in the final statement we can return to Milnor if-groups 
due to the natural identification K^{L)/p M = K t N {L)/p M , which we 
shall denote by K N (L) M . 

The following maps play very important roles in the statement of 
the main result of this paper. 

. Af T/F : K^T) ^ K^F). 
In Subsection H] we prove that for so-called special SDR towers F., there 
is a natural identification Kj^^J 7 ) = \^mK t N (F n ), where the connect- 

n 

ing morphisms are the norm maps NF„ +1 /F n '■ -^^(-^ri+i) — > ^^(Fn). 
Then Nf/f is the corresponding projection from K^F) to K l N (F). 
For arbitrary SDR towers F, we prove the analogous "modulo p M " 
statement under the assumption that a primitive p M -th root of unity 
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Cm £ -^oo- In particular, this gives the map 

Mtif - K N {F) M — )• i^(F) M . 

• Col: K^T) ^ K^L^)). 

This map is obtained as a section of the natural map from i^^(L(J 7 )) 
to K^^L^F)^) = K t N (F). Its construction, in which the concept of 
topological i^-groups is essential, is a direct generalisation of Fontaine's 
1-dimensional construction from [8]. 

• 6 1 : m° — ► (1 + m°) x . 

Here m° consists of all series J2 a >o w at a i which are convergent in L(F), 
where the indices a = (a 1; . . . , a at) G ^ are provided with the lexico- 
graphical ordering, all w a G W(k), and t a := t^ 1 . . . t^f . The map 9 1 is 
then a group homomorphism defined by the correspondence 

Here for any w G W(k), 

E{w,X) = exp (wX + ■■■ + a n {w)X pn /p n + . . . ) G W{k)[[X}] 

is the Shafarevich generalisation of the Artin-Hasse exponential. Notice 
that the inverse of 6 l is the map given, for any b G 1 + m°, by the 
correspondence b \-t (1/p) \og(b p /a(b)), where a is the continuous map 
induced by the Frobenius on W(k) and t% >->■ t p , for all 1 ^ i ^ N. 

• 7 ^ (1 + m°) x — > F^. 

Here Foe is the completion (with respect to the valuation vp) of F^ = 
Un>o F n and the map 7 is the continuous map uniquely determined by 
U \-> lim7rf K , l^t^N. 

We now state the main result of this paper. 

Let F ab be the maximal abelian extension of F, Vp = Gal(F ab / F) 
and K%(F) := hm K% (F)/N L / F K t N (L) , where L runs over the set of 

L 

all finite extensions of F in F ab . 

We denote by Of : T a p — > K l N (F) the reciprocity map of local 
higher class field theory. For the field F, we introduce similarly F ab , 
Tp, K t N {F) and Gj-. Then the compatibility of class field theories for 
the fields F and F via the field-of-norms functor means that there is 
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the following commutative diagram 



(1) 



rat 
1 T 



8, 



L T/F 



T{F) 



(lb 



Kt 



T/F 



T/F 



Here Ljr/ F is induced by the identification Tjr = T Fao given by the 
field-of-norms functor, the horizontal maps on the right-hand side are 
the natural embeddings and the map Nj^/f is induced by Nf/f on 
the corresponding completions. We prove the commutativity of the 
above diagram ([T]) only for T = X(F m ), where F, is a so-called special 
SDR tower, cf. Subsection 14.31 But under the additional assumption 
Cm £ Foo we prove the commutativity of the following "modulo p M " 
version of ([T]) for any SDR tower F, (we use the same notation for all 
involved maps taken modulo p M ) 

T f /p M k n {jf) m - 



M 



L T/F 



rf/ P M 



TIF 



T/F 



K N {F) 



M 



K N {F) 



M 



This property allows us to consider the M-th Hilbert pairing 
( j )m'-F*x Afr/FiKiF)) — ► (Cm) 

under the condition that Cm £ -Poo- Namely, if b G Nf/f(Kn{.F)m) 
then there is r G Y a p jp M such that = id and 0j?(t) = b. Then 
for any a G F^, (a, b)^} := r(£)/£, where £ G F is such that £ pM = a. 

Suppose F, is an SDR tower with parameters (0, c). 

Definition. The tower F, is called u>- admissible, foruo G Z^o> if cp^ > 
2vf{p)/{p — 1) and if F u contains a primitive p M+UJ -th root of unity 
(m+u ■ 

For an w-admissible SDR tower F,, we define (not uniquely) an ele- 
ment H w = ^(Cm+w) £ m ° as follows. Suppose H' = 1 + J2 a >d Wa - a e 
1 + m° is such that j(H r ) = CM+^ m odp^. Then we set H w : = 
H ,pM+u> — 1. Note that the construction of H w does not require the 
knowledge of the whole tower F,, but only of the field F u . In particu- 
lar, if Cm £ F = Fq then the corresponding element H G m° will be 
used later in the definition of Vostokov's pairing. 
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With the above notaion we have, for any admissible SDR tower, 
the following explicit formula for the M-th Hilbert symbol. 



where A = (Tr o Res) ((f /H^d^Gol^)) . 

Here (and everywhere below) Tr is the trace map for the field exten- 
sion W(k)Q p /Q p and Res is N- dimensional residue. 

The above Theorem 10.11 gives one of most general approaches to the 
explicit formulas for the Hilbert symbol. The proof uses the strategy 
from p] and the construction of the field-of-norms functor for higher 
local fields from [17] . As a result, the explicit formula is obtained 
from the explicit formula for the Witt symbol in characteristic p. Notice 
that symbol fl2]) depends not only on a fixed system of local parameters 
7Ti, . . . , 7Ttv of F but also involves special lifts of elements of F to L^J 7 ). 

The result of the above Theorem 10.11 is related very closely to Vos- 
tokov's explicit formula for the M-th Hilbert symbol F* x K t N {F) — > 
(Cm)- In this formula the elements of F* appear as the results of the 
substitution £$ h- >• 7r$, i — 1, . . . , N, into formal Laurent series with coef- 
ficients in W(k) and indeterminants t\, . . . , t N . Vostokov's proof of this 
formula is based on a hard computation showing that the formula gives 
the same result for arbitrary choices of local parameters tti, . . . , tt^. 

In Section 3 we develop a slightly different approach to Vostokov's 
result. First of all, the Vostokov pairing has two different aspects. 
One is purely i^-theoretic: it gives a (non-degenerate) pairing be- 
tween Ki(F)/p M and K^(F)/p M and factors through the canonical 
morphism 



(Note that Vostokov's formula gives also a pairing between Ki(F)/p M 
and K N _i(F)/p M for 1 < i < N.) We establish these properties fol- 
lowing the strategy from [TJ and using an idea of one calculation from 
[3]. Note that we can work throughout with our fixed system of local 
parameters 7T\, . . . , t^n- Then the Galois-theoretic aspect of Vostokov's 
pairing, i.e. that it coincides with the Hilbert symbol, follows by an 
easy calculation from the following two elementary facts: 
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- the Hilbert symbol also factors through the map (J3]); 

- K]\f + i(F)/p M is generated by one element which can be written 
in terms of our fixed system of local parameters tti, . . . , tc^. 

At the end of Section [5] we show that symbol (j2J) from Theorem 10.11 
coincides with Vostokov's pairing if we use a "very special " SDR tower 
F® = {F® | n ^ 0} such that F$ = F and for all n ^ 0, F® has a system 
of local parameters ir[ n \ . . . , 7rjy with ^ n+1 ' p = 7^ and 7Tj- = 7Tj for 
all 1 ^ i < JV. 

Note that other interpretations of Vostokov's formula have been 
given by K.Kato [11] in terms of Fontaine-Messing theory and by 
S. Zerbes [21] in terms of (<p, r)-modules under an additional restric- 
tion on the basic field F. Note also the paper [H] where special cases of 
the constructions of the field-of-norms functor in the context of higher 
local fields were treated. 

The structure of the paper is as follows. In Section [TJ we discuss 
basic matters: the concept of higher local field, the P-topology, special 
systems of topological generators for the Milnor i^-groups and the norm 
map in the context of i^-groups. In Section [2] we give an invariant 
approach to the concept of residue, the Witt symbol and the Coleman 
map in the context of higher local fields. In Section [3] we recover the 
construction of Vostokov's pairing following mainly the strategy of the 
paper |TJ. In Section H] we use the field-of-norms functor X to relate the 
behaviour of topological Milnor fT-groups in SDR towers. Finally, in 
Section [5] we prove the compatibility of the field-of-norms functor with 
class field theories for the fields T = X(F m ) and F = F and use the 
compatibility of the Kummer theory for F and the Witt-Artin-Schreier 
theory for J 7 from [2] to deduce the statement of Theorem 10.11 

1. Preliminaries 

Most of the notation introduced in this Section will be used in the 
next sections without special references. In particular, this holds for 
the notation F, tti, . . . , n N , J 7 , i 1 , . . . , i N , 0(F) and L(F). 

1.1. Higher local fields. Let L be an N- dimensional local field. This 
means that L is a complete discrete valuation field and its (first) residue 
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field is an (N — l)-dimensional local field. In our setting, 0- 
dimensional local fields are finite fields of charactersitic p. Let 
be the iV-th residue field of L. By inductive definition this means that 
L,( N ) = (i/ 1 ))^ -1 ) a nd, therefore, it is a finite field of characteristic 
p. The system ui, . . . ,un is a system of local parameters of L, if U\ 
is a local parameter of L, u 2 , ■ ■ ■ , Wjv belong to the valuation ring Ol 
of L and the images of u 2 , ■ ■ ■ ,un in form a system of local pa- 
rameters of L^ 1 '. The field L is equipped with a special topology (we 
call it the P-topology) which relates all N valuation topologies of L, 
L«, : = (L(l) )«,..., := (L^- 1 ))^). The idea how to con- 
struct such topology appeared first in [15J and then was considerably 
developed and studied in [6] [22], [10]. We can sketch its definition as 
follows. 

Fix a system of local aparameters ui, . . . ,un in L. Note that any 
element x G L can be written uniquely as a formal series 

(4) X= J2 ^aUT---U N N , 

a=(ai,...,ajv) 

where all coefficients a a are the Teichmiiller representatives of the el- 
ements of LS N > in L. Here a G Z, N and there are (depending on the 
element x) integers Ii, I 2 (ai), • • • , In^i, ■ ■ ■ , cln-i) such that a a = if 
either a% < I\ or a 2 < I 2 (a>i), • • • , or a N < In(o>i, . . . , ajv-i)- Then 
the P-topological structure on L can be defined by induction on iV as 
follows. If N = then it is discrete. If N ^ 1 then «2 = u 2 mod «i, . . . , 
un = mod um is a system of local parameters in and we can define 
a section s : L« — > L by Ea^?---^ ^ T, a u ? • • • %f ■ % 
definition, the basis of open neighbourhoods Cl,{ui,...,ujv} in £ consists 
of the sets ^2 b&z t b s(U b ), where all U b G ClM/^,...,^} and £/& = if 
6 3> 0. One can prove then that this does not depend on the initial 
choice of local parameters u±, . . . , it\r- Then any compact subset in L is 
a closed subset in the compact subset of the form E&ez* 6s (^ 6 )> where 
all C b C Is* 1 ' are compact and C b = for b <^ 0. In particular, the set 
of all £ G L given by (jlj) with fixed I±, -^(^i), • • • , In (0,1, . . . , ajv-i, is 
compact. The following property explains that the concept of conver- 
gency in the P-topology just coincides with the concept of convergency 
of formal power series. 

Proposition 1.1. A sequence ( n 6i converges to £ = E a ^a^l 1 ■ ■ ■ u ^ 1 G 
L if and only if for any a G 1i N , the sequence a an converges to a a in k. 
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Proof. The proof can be easily reduced to the case £ = 0. 

Suppose for b G Z, G are such that £ n = X^ M i s (£&n)- Clearly, 
lim £ n = implies that for any b G Z, lim £bn = 0. Therefore, by 
induction on iV we obtain that all lim a an = 0. 

n— >oo 

Inversely, suppose that for all a G Z^, lim a an = 0. Then by in- 

n—>oo 

duction on N, for any b G Z, lim = 0. One can prove (again 

n— >oo 

by induction on N) the existence of a compact C d L such that all 
G C. (I. Fesenko pointed out to the first author that this implies 
that the P-topology is compactly generated.) In particular, there is 
b G Z such that = if b < b . Now take any U = J2b u i s (Ub) £ 
Cl^mi,...,^}- Then there is &i G Z such that = for all b > b\. 
For bo < b ^ bi, let m(6) G Z be such that G £4 if n ^ m(6). Then 
for n ^ max{ m(6) | b < b ^ &i}, £ n G [/, i.e. lim = 0. □ 



In terms of the power series (jlj), the iV-dimensional valuation ring 
Ol, resp. the maximal ideal m^, of L consists of the elements x such 
that all a a = if a < = (0, ... ,0), resp. a ^ 0, with respect to 
the lexicographic ordering. Note that L, Ol and m^ are P-topological 
additive groups. Multiplication does not make L* into a topological 
group, but all operations in the field L are sequentially P-continuous. 
The choice of local parameters Ui,...,un provides an isomorphism 
L* ~ k* x (ui) x . . . (un) x (1 + hil)*, where only the last factor has 
a non-trivial P-topological structure. 

The concept of P-topology plays a very important role in this pa- 
per and we refer usually to the papers [22] and [10J for its detailed 
exposition. In particular, these papers contain the study of infinite 
products in L. The following fact clarifies the meaning of infinite 
products and will be used below without special references. Suppose 
Ix, . . . , ljv(ttu ■ ■ ■ , a N-i) are the above defined parameters. Consider 
the infinite product of the form F] (1 + c^w" 1 . . . u^), where, as ear- 

a>0 

lier, a = (ai,...,o^v) G Z N , a a are the Teichmiiller representatives 
of elements of k and a a = if either a± < I\, or ai < 12(0-2), • • • , or 
<2tv < 7jv(oi, • • • , o/v-i). Then any such infinite product converges in L* 
and any element from 1 + can be presented uniquely as a such infi- 
nite product (with suitably chosen parameters I x , . . . , 7jv(ai, ■ ■ ■ , Ojv))- 
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The main object we shall deal with is an iV-dimensional local field 
F of characteristic with first residue field F^> of charactersitic p, 
N-th residue field k (which is necessarily finite) and a fixed system 
of local parameters vri, . . . , ir N . Fix an algebraic closure F of F, set 
T F = Gal(F/F) and denote by Tf the maximal abelian quotient of 

rv. 

We also consider iV-dimensional local fields of characteristic p with 
last residue field k. Any such field F is isomorphic to the field of formal 
Laurent power series fc((fjv)) • • • ((ti)), where t\, . . . ,In is any system 
of local parameters of F. We use this system of local parameters as a 
p-basis for F to construct a flat Z p -lift 0(F) of F to characteristic 0. 
By definition 0(F) = Yya\O n (F), where for all n6N, 

n 

O n (F) = W n ((t N )) . . . ((h)) c W n (F) 

are Z/p n -flat lifts of F and for 1 ^ % ^ N, U — [U] are the Teichmiiller 
representatives of U- 

The lift 0(F) is a complete discrete valuation ring of the (N + 1)- 
dimensional local field L(F) = Frac 0(F). Note that L(F) {1) = F 
and L(F) has a fixed system of local parameters p, ti, . . . , tisr such that 
for 1 ^ % ^ N, Umodp = ti- The elements of L(F) can be written 
as formal power series J2 a r y a ti 1 • • • with natural conditions on the 
coefficients 7 a G W(k), where a = (ai, . . . , ajv) € Z^. 

1.2. P-topological bases of J 7 * and F* / F* pM . The concept of P- 
topology allows us to describe explicitly the structure of the multiplica- 
tive groups F* and of F*/F* pM under the additional assumption that 
Cm e F. 

Consider the case of the field F = k((t^)) . . . ((t±)). Choose an F p - 
basis 0i, . . . , S of k ~ F pS . Then any element of F* can be uniquely 
written as an infinite product as follows 

7*"? 1 11(1 + 0^)^, 

where 7 G k* , 1 ^ j ^ s, a±, . . . , aw G Z, 6 runs over the set of all multi- 
indices (61, . . . , b N ) G Z 7V \pZ JV , 6 > 0, t 6 := t? 1 . . . t^v , and all A jb G Z p . 
The only essential condition on the above infinite product is that it 
must converge in F with respect to the P-topology. In particular, 
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with the above notation the elements rjjf, := 1 + 6jt form a set of free 
topological generators of the subgroup (1 + nijr) x of F*. 

Consider the case of the field F. In this case we have a similar de- 
scription of the group F* / F* pM under the assumption that F contains 
a primitive p M -th root of unity 

Suppose p = nl 1 . . . n^r] = n e r], where e = (ei, . . . , ejv) G % N and 
t] G Op. Then Hensel's Lemma implies that any element of F* modulo 
F* p appears in the form 

where 

- ai, . . . , ajsr, Aq and all Aji are integers uniquely determined mod- 
ulo p M ; 

- i]j b := 1 + [0j]n b , where the multi-index b = {pi, ... , b N ) runs over 
the set of all b G Z N \pZ N such that < b < e* := ep/(p - 1); 

- e = 1 + [0o]lL e \ where O G k is such that 1 + [6> ]vr e * ^ (1 + m F ) p . 

Remarks 1) There is a more natural construction of the generator eo 
related to the concept of p M -primary element. By definition, e G F* is 
p M -primary if the extension F(e 1 l pM )/F is purely unramified of degree 
p M , i.e. the iV-th residue fields satisfy [F(eV pU )W : F^] = p M . Note 
that the images of p M -primary elements in F* / F* pM form a cyclic group 
of order p M . One of first explicit constructions of p M -primary elements 
was given by Hasse, cf. [15) . and can be explained as follows. Let £ G 
nip be such that £) = Cm- Let ao G W(fc) be such that Tr(a ) = 1 
and let /3 G W(jfe) be such that cx(/3) - /3 = a . Then e = E{0, £) pM is 
a p M -primary element of F. In Section we shall use the p M -primary 
element in the form e = 9(a H ), where H = H {( M ) G m° was 
defined in the Introduction. A natural explanation of this construction 
of p M -primary element appears there as a special case of the relation 
between the Witt-Artin-Schreier and Kummer theories. 

2) The original construction of the Shafarevich basis [18] systemati- 
cally uses the Shafarevich exponential E(w,X) and establishes an ex- 
plicit isomorphism F* / F* pM ~ (n 1 ) I '/ pM x (e ) z / pM x FJ 6 W M {k)b, where 
< b < e*, iii = 7rimodF* pM , e = e modF* pM and gcd{b,p) = 1, 
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in the 1-dimensional case. This construction can be generalised to the 
iV-dimensional case. 

1.3. Topological Milnor fT-groups. For a higher local field L and 
a positive integer n, let K n (L) be the n-th Milnor K- group of L. Let 
VK n (L) be the subgroup of K n (L) generated by the symbols having at 
least one entry in Vl '■— 1 + niL. If L is of dimension N and u\, . . . , un 
is a system of local parameters of L, then, by [22J, 

(5) K N (L)~VK N (L)®Z® J] A ^ L ^ 

l<i<JV 

where Z corresponds to the subgroup generated by {u±, . . . ,un} and 
for all 1 ^ i ^ N, the group Ain(L) ~ L,( N )* consists of the symbols 
{[a],ui, . . .,Ui_i,u i+1 , . . .,u N } with a e L (iV) *. 

Following [61 [22] we introduce the P-topology on Kn(L) as follows. 
The topology on VK N (L) is defined to be the finest topology such 
that the map of topological spaces Vl x (L*) 7 ^ 1 — > VK N (L) is sequen- 
tially continuous. The other direct summands in (j^J) are equipped 
with the discrete topology. Then the topological Milnor il~-groups 
Kpf(L) are defined to be K N (L)/A, where A is the intersection of 
all neighbourhoods of zero, with the induced topology. By [5J, A = 
f] n ^nVK N (L) = f) m > lP m VK N (L), using /-divisibility of VK N (F), 
for any I prime to p. In particular, for any M ^ 1, fr^(L)/p M = 
K N (L)/p M and the decomposition §5§ induces the decomposition 
Kj.iL) -Z^VK^L). 

The advantage of the topological il~-groups i^^(L) is that they admit 
P-topological generators analogous to those of the multiplicative group 
L* from Subsection II .2[ Before stating these results notice that for any 
higher local field K one can introduce a filtration of Kj^lK) by the 
subgroups U^K^^K), where c ^ 0. These subgroups are generated by 
the symbols . . . , a^} G K l N {K) such that vx{oii — 1) ^ c. Here 
vk is the 1-dimensional valuation on K such that vk{K*) = Z. Then 
the classical identity 

(6) {1 - a, 1 - /3} = {a(l - 0), 1 + a(3(l - a)- 1 } 
for 2-dimensional Milnor il~-groups implies that 

{a 1 ,...,a N }eU% + - +CN K t N (K) 
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if v K (ai - 1) ^ a for 1 < i ^ JV. 

• Generators of K^JF). 

For a = (ai, . . . , ajv) e Z N , a ^ pZ^, a > 0, let 1 < i(a) ^ iV be 
such that ai = • ■ ■ = aj( a )-i = Omodp but ^ Omodp. As earlier, 
choose an F p -basis 9±, . . . , 9 S of k and for all above multi-indices a and 
1 ^ j ^ s, set 

(7) £j a — {1 + 9 jit, tli - ■ ■ , ^i(a)-l) ?t(a)+l> • • • > ^v}- 

This is a system of free topological generators of VK^J 7 ) and K^J-) = 
VK^^J 7 ) © (e ), where Sq — {ii, . . . , i N }. This means that any element 
£ G K^^F) can be written in the form £ = A)£o+5^, 6 AjbEjb, where A 
and all Aj 6 belong to Z p and, for any 1 ^ i ^ N, the infinite product 

n (i + 0/)^ 

j,6,io(6)=i 

converges in J 7 . This can be obtained from relation fl^]). Moreover, 
for a given £ G K^i^J 7 ), the corresponding coefficients v4 and Aj b are 
uniquely determined by £, in other words the above system of symbols 
Eo and Ejb is a system of free topological generators for K^^F). This 
was established by Parshin [J5] via an analogue of the Witt pairing, 
cf. Subsection 12.21 below. It can be also deduced from the Bloch-Kato 
theorem [I], which gives an explicit description of the grading of the 
filtration U^K^T)), c ^ 0. 

• Generators of K t N (F)/p M , Cm G F. 
Introduce similarly the elements 

(8) Sj a = {1 + [9j]n a , 7Tl, • • • , 7Tj( a )_ 1 , 7r i(a ) + i, . . . , 71-jv}, 

where 1 ^ j ^ s, a G 1< N \ pZ N and < a < e* := ep/(p — 1). Set 
e o — {^l; • • • j ^v} and for 1 ^ i ^ N, 

(9) £ ie * = {e , 7Ti, . . . , 7Ti_i, 7T i+ i, . . . , VTjv } , 

where eo was defined in Subsection 11.21 

Then for similar reasons to the case L = J 7 , the above elements 
eo, £j a and Ei e * give a set of P-topological generators of the Z/p M - 
module K t N (F)/p M . The Bloch-Kato theorem [I] about the gradings of 
Up^K^^F)) , where ^ c ^ e' = vp(p)p/ (p—l), implies that the system 
of topological generators (TTTT) is a topological Z/p-basis of K t N (F)/p. 
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The fact that we have a system of Z/p M -free topological generators 
can be deduced from the description of p-torsion in Kn(F) from [6]. 
This fact can be also established directly from the non- degeneracy of 
Vostokov's pairing, cf. Section El 

• Generators of K t N _ l (F)/p M and ^ +1 (F)/p M ; Cm e F. 

A similar technique can be used to prove that K t N _ 1 (F)/p M is topo- 
logically generated by the elements of the form: 

- {1 + [0j)lL a ,^h,---,^j N -2}, wh ere 1 < j < s, a e Z N \ p1 N , 
< a < e*, 1 ^ ji < ■ ■ ■ < j'tv-2 < N and i(a) $ {ji, . . . , j N - 2 }- 

- {e , TTj 1 , . . . , j N2 }, where 1 < j x < ■ ■ ■ < j N - 2 < N. 

Similarly, in the case of Kn+i/p m we have only one generator given 
by the symbol {e , 7Ti, . . . , n N }. 

1.4. The Norm map. For a finite extension of higher local fields L/K, 
the Norm- map of Milnor if-groups Nl/k : K n (L) — > K n (K) was de- 
fined in [5] and [?]. It has the following properties: 

(1) if «i G L* and a 2 , . . . , a n 6 iP then 

A^/i^ai, a 2 , ■ • • , «„} = {iVi/jf (ax), a 2 , • • • , a n }; 

(2) for a tower of finite field extensions F C M C L, it holds 
Al/f = N L / M o N M / F ; 

(3) if : K n (K) — > K n (L) is induced by the embedding K C L 
then i L/A - o N L/K = [L : if] idx„(^)- 

By [22J, A^/^ is sequentially P-continuous and therefore induces a 
continuous morphism of the corresponding topological if-groups which 
will be denoted by the same symbol. 

Using the unique extension of Vk, define the subgroups U^K^L)) C 
Kjy(L) for all c ^ and algebraic extensions L of K, to be the groups 
generated by the symbols {azi, . . . , o>n} such that Vk{(Xi — 1) ^ c. Then 
the general definition of the norm map Nl/k, e.g. cf. [7], implies that 
for all c ^ 0, N L / K maps Uk(K 1 n (L)) to U^K^K)) and preserves the 
decomposition K l N {L) = Z © VK^L) from Subsection 11.31 
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2. Pairings in the characteristic p case 

2.1. Residues. For any n ^ 0, denote by fij^J 7 ) the L(J-")-module of P- 
continuous differentials of degree n for L{J^). For n = N, this module 
is free of rank 1 with the basis dt% A • • • A dtjsr- 

Suppose u) = fdti A • • • A dtjy G with / G L^J 7 ). Then 



/ = E mp 00 *? 1 • • • t 

a=(ao,...,a N ) 



(IN 

N 



and there is an A (f) G Z such that a a = if a < A (f), cf. Sub- 
section 11.11 This makes sense for the following definition of the L^)- 
residue ResL(j-) of uj. 

Definition. Res L( ^)(u;) = E o =(a ,-i,.. -i)KK°- 

We have the following standard properties: 
— if u/ G then ResL^(dcu') = 0; 

— if t[, . . . , t' N is another system of local parameters in T and t[, . . . , t' N 
are their lifts to 0(JF) then 

- if Resx(jr)o; = c then there is an u' G &>Ln~\ such that 



u = du' + c— - A • • ■ A 



f f 

The above properties do not show that the residue Res^jr) is apri- 
ori independent of the choice of local parameters of J 7 because the 
construction of the lift ^(J 7 ) involves a choice of such system of local 
parameters. Therefore, we need to slightly modify the above approach 
to the concept of residue. 

For any % G Z, denote by 0{a l J r ) the Z p -flat lifts of a* J 7 via the 
system of local parameters i{ , . . . , F N . Set Om^J 7 ) := 0{a l J : )/p M . 
These flat Z/p M -lifts Om^J 7 ) of cr^J 7 ) do depend on the system of 
local parameters ii, . . . , but we have the following properties: 

- Wm^ 1 ' 1 ?) c O m {F) c W m {F) c O m (<t- a/+1 ^); 

- W M {F) = M (J^)+pO M ^(a-^) + ■ ■ ■+p M ^0 1 (a- M ^). 
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Let fl(J-,M) be the Z p -sub module of &w M VF) cons i s t m g of differen- 
tial forms oj = wd\ og ai A • • • A d\ og ciN, where w G W f M(^ M " 1 ^) and all 
di G Wm^)*- Then w G Om(F), all a; G M {cr l ~ M T)* and, there- 
fore, oj G Yli O M{J~)d\ gti. As a result, we have a natural W^^-linear 
embedding 

l 0m(f) : f2(^,M) — > Om(<t- M+1 ^) ®gW) ^ mW . 

This means that for any a; G fi(J r , M), the image lo m (t)(oj) can be 
written uniquely as fd\ og ti A ■ • • A d\ og tN, where / = J2 a lotT ■ ■ ■ , 
with the indices ) G (p- M+1 Z) w and the coefficients 

la e ^ M (fc). 

Definition. Wii/i above notation for any oj G il(.F, M), define its 
Wm (J 7 ) -residue by the relation Resvy M (jr)(w) := 7(o,...,o)- 

This definition is compatible with the earlier definition of the L(T)- 
residue Res^(jr) in the following sense. If oj G ^o(t) ^ ^l(t) ano - 
ojmodp M is in the image of ^(J 7 , M) in O m(c~ M+1 ^)®o(j)^om then 
ResL(jr)(w) G and ResL(jr)(cj) modp M = Resvy M (jr)(cumodp M ). 

We now prove that the W-m (-^-residue Resw M (F) is independent of 
the choice of local parameters in T. Suppose i[, . . . ,t' N is another 
system of local parameters of T . Consider, for all i G Z, the corre- 
sponding flat lifts 0' M (a l J r ) and the W M {F) -residue Res'^^ defined 
via an analogue lo> m {f) of to M (T)- 

Proposition 2.1. For any oj G £l(J-, M), one has Resw M (T)(w) = 

Proof. Note that any a G Wm(J~)* can be written in the form [f3]t a erj, 
where \J3] G WM(k) is the Teichmiiller representative of j3 G k, t a := 
tf ...t a N N with a = (ai, . . . ,a N ) G Z N , e G (l + m L( ^ ) )modp M 0(J r ) and 
77 G 1 +pO M -i(cr- 1 ^) + • • • +p M - 1 1 (o- M+1 F) = l+pWM-iio- 1 ?). 

With this notation any element of d\ og WM(FY can be written as 
^ Cidi og ti + d iog e + dr)', 

where Ci,...,C N G Z and rj = \ogrj G pW / M-i(o" _1 ^ r )- Note that 
the p-adic logarithm establishes an isomorphism of the multiplicative 
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group 1 + pWM-iio-^ 1 ^) with the additive group pWm-i(°" ^) and 

a 

where a = (ai, . . . , a n ) G Z N , a > 0, n ^ 0, all 7 a G W / m(^) and the 
sum in the right-hand side converges in the P-topology. (Use that e 
can be written as an infinite product n a >o(l ~ 7a£°)-) 

Therefore, any element u G ^(J 7 , M) can be written as a sum of the 
following types of elements: 

(i) 7(w)di og ti A • ■ ■ A d Xog t N with 7(0;) G W M {k); 

(ii) mdiogtx A • • • A d\ og t N with m G m i (jr)modp M 0(J-'); 

(iii) rfiogt^ A • • • A G?i og tj s A d(i]i) A • • • A d{rjN~ s ), where < s < N, 
1 ^ ii < ■ ■ ■ < i s ^ N and rj 1 , . . . , t7at_ s G piy M _i(<7 _1 .F). 

This follows directly from the above description of the elements of 
diogWMiJ 7 )* by taking into account that for a G 7L N such that a ^ 
and i] G pW / M-i(o"~ 1 ^ r ), we have 

(t a ) n d\ og (t a ) Adr) = J2 Mio g ^Ad(f"?7), 

and rf(wr]) = wd(rj) for any u; G W / M-i(o" M_1 ^ r )- 

Then it can be seen that Resw M (T)(w) = 7(0;) by noting that the 
residues of elements of the form (ii)-(iii) are equal to 0. 

Finally, it remains to verify that Resw M (F)(u) = 1 for differential 
forms u = <ii gt'i A • • ■ A d\ og t' N . This can be done also along the lines of 
the above calculations. □ 

2.2. The Witt symbol. We introduce the WAf(F p )-linear pairing 

(10) [ , Y M : W M (F) x K f N {F) — >■ W M (k) 

as follows. Suppose w = (wq, . . . , Wm-i) G W / m(^ 7 ) and ct G Km {J 7 ) 
is of the form ct = {cti, . . . , a/v} G Km^)- For 1 ^ 2 < iV and 
^ (-?"")* such that modp = ctj, set 

(11) [w,a}^ = Res WM{T) (a M ~ l (w)d log a 1 A • • • A d log a N ) e Wjif(*0- 

It can be seen that [w, a}^ is well-defined and the pairing it induces 
factors through the natural projection Km^) — > K^T). 
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Lemma 2.2. For any w G Wm{F) and a G Kj^{J-), we have 

a[w,a} T M = [a{w),aY M . 

Proof. Note that for varying systems of local parameters i[, . . . ,i' N of 
J 7 , the symbols . . . , i' N } generate the group K^^J 7 ). Therefore, it is 
sufficient to consider only the symbols a = . . . ,i' N }. By Proposition 
12. H the symbol [ , } ^ is independent of the choice of local parameters. 
Therefore, we may assume that a = {ti, . . . , i^}- Consider the expan- 
sion a M ~ 1 w = Ylia^atT '"~k°N-> where all 7 a G Wm(&)> with respect 
to the identification Wm^ 14 ' 1 ?) = M {a M - x T) + ■■■ + p^O^F). 
Clearly, [w,oc)m = 7(o,...,o) and [cx(»,a)f f = cr(7( ,...,o))- The lemma is 
proved. □ 

Notice now that for any w = (wx, . . . ,Wm) G Wm^J 7 ), the element 
a M-i w _ [ Wi ]p m 1 -\-pM-i[ W2 jp 2 _|_ . . . _|_pAf-i^ A ^j coincide modulo 

p M , with the M-th ghost component of w. Therefore, the classical Witt 
symbol, cf. Til. 

[ , )°m ■ W M (F) x K* N {F) — ► W M (¥ P ) 
has the following invariant form: 

- If ' w G Wm{F) and a G K^^F) then [w, a)f d = Tr ([w, a}^) . 

Above Lemma [272] implies that the Witt symbol induces a Wm(F p )- 
linear pairing 

(12) W M {T)/{a - id)W M {T) x K l N {7) — ► W M (¥ P ) 

and it can be verified that this pairing is non-degenerate using the 
explicit formula (TTT]) for the above symbol [ , }^. 

2.3. Coleman's lifts and Fontaine's pairing. For 1-dimensional lo- 
cal fields, Fontaine [S] developed a version of the Witt symbol by definig 
a special multiplicative section Col : T* — > O^J 7 )* of the natural pro- 
jection 0(J-") — > 0(J r )/p = J- '. His construction can be generalised in 
the context of topological ^-groups as follows. 

For any x G Ol(.F), let x = (xp~ Vp ^) modp G T . Consider the map 
II : K^ r (L(J r )) — > K^F) defined by the correspondences 

{xi, . . . ,x N } i-)> {x x , . . -,x N }. 
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We use the free topological generators of K^i^F) from Subsection 12. 2l to 
define the P-continuous homomorphism Col : K^i^J 7 ) — > K^^L^F)) 
by the following correspondences: {ii, . . . , tjv} {ti, ■ ■ ■ ,t^} and 
£ja !->■ {1 + [9j]t a , h,..., ti( a )-i, *i(o)+i> • • • ; Tms definition makes 
sense because of the following property, cf. [22] . 

Lemma 2.3. // /or p-adic integers Aj a G Z p; where 1 ^ j ^ s and 
a G \pZ N , a > 0, the product Ylj a (^ + Ojt?) converges in T then 
the product YljaO- + [&j]t a ) converges in -^(J 7 ). 

The above defined morphism Col depends on the choice of local 
parameters °f J~ . As in Subsection 12.11 consider the lift 

0{a^ 1 J z ). Then L(cr _1 J r ) = Frac 0{a~ 1 J r ) is a field extension of L^J 7 ) 
of degree p M . Let a -1 be the <7 _1 -linear (with respect to the W(k)q p - 
module structure) field isomorphism L(J-) — > L(cr _1 J r ) given, for 
1 ^ i ^ N, by the correspondences t{ — > t l J p . 

Definition. Call an element x G K t N (L(J-')) Coleman if the norm map 
from K t N (L(a^ 1 J r )) to K^L^)) maps o~ l (x) to x. 

Proposition 2.4. An element rj G Klf(L(J-)) is Coleman if and only 
if it belongs to Col(K^r(J r )). 

Proof. Property (1) of Subsection 11.41 easily implies that all elements 
from Col(K t N (J-')) are Coleman. 

Suppose xo G Kjfi^L (J 7 )) is Coleman. We prove that xq G Colif^(J r ). 
Shifting xo by the inverse to Col(Il(xo)) we may assume that Il(xo) = 0. 

Note that L(T) has the system of local parameters to — P,ti — 
Col(ti), . . . ,tjv = Col(tjv). Then the classical identity (jBj) implies that 
Klf(L(J-)) is topologically generated by the elements 

{to, . . . , t i+ i, . . . , t]y} 

with 1 ^ % $C N, and the elements of the form 

{l + [e 3 ]t a °...t a N N ,a 2 ,...,a N }, 

where 1 ^ j ^ s, 9±, . . . , 9 S is an F p -basis of k, a — (a , . . . , a N ) G 
Z N+1 \ pZ N+ \ a > and for 2 < i < N, a* = t k with < j 2 < h < 
■■■<3n^N. 

These generators can be separated into the two following groups: 
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- the first group contains the generators belonging to Kerll (in 
other words these generators do depend on to); 

- the second group contains the generators from Co^-fT^^)). 

Using that K l N (F) is topologically free, we obtain for any x £ K l N (F) 
the following properties: 

- if II(x) = then X IS cL product of generators from the first group; 

- if U(x) = and x = p m Xi with m ^ and X\ £ K t N (L(F)), then 

noo = o. 

Returning to the Coleman element xq £ Kj^(L(F)), assume that 
there is an m ^ such that Xq = p m xi with xi £ K l N (L(F)) but x ^ 
pK f N (L(F)). Then II (xi) = and x\ is a product of generators from 
the first group. But if y is a generator from this group then property 
1) of Subsection 11.41 implies that Nn a -ij^/i J ^(a~ 1 y) £ pK t N (L(F)). 
This gives that x = N L{a -i T) j L{T) (a~ l x ) = p m N L{a -i T)/L{T) (cr- 1 x 1 ) 
£ p m+1 K f N (L(F)), which is a contradiction. This means that xq is 
infinitely p-divisible and, therefore, is in Kj^(L(F)). □ 

We define an analogue of Fontaine's pairing [8] 

0(F) x K^F) — ► Z p 

by setting for / £ 0(F) and a £ Kj^(F), 

[f.a)^ = Tr(Res L( ^)/di og Col(a)). 

Here, for Col (a) = {cti, . . . , ci/v}, we set rfi og Col(o;) = d\ og ai A • • • A 
0?i O gaAr. This pairing is related to the Witt symbol by the following 
Proposition. 

Proposition 2.5. For all f £ 0(F) and a £ K t N (F), one has 
[/, a) jr modp M = [/modp M , amodp M )^. 

Proof. We need to show that 

(13) a A/ - 1 Res L(J - ) (/rf log Cola) = Res LW (a M - 1 (/)rf log Col(a)). 

By linearity and P-continuity this can be verified on the generating 
elements f = t b = $-...t b £, b = (bx,...,b N ) £ Z N , of 0(F) and 
the generators a = {til, . . . ,i N } and a = Sj a of K f N (F) from (fT3"j) of 
Subsection 11.31 
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- The case f = t b and a = {ti, . . . In this case the both sides 
of equality ( FT3|) are equal to the Kronecker symbol 5(b, 0). 

- The case f = it and a = ej a . Here the left-hand side of f[T3"j) 
equals 



(it TV 

A • • • A — 

t N 



and the corresponding right-hand side equals 

(-l)<«-iReB L(J0 ( t pM " lfe Y(-lW]t™^ A ... A ^ 

Clearly, we may assume that b ^ 0. Then the left-hand side is 
non-zero if and only if there is an no ^ 1 such that b + n$a = 0. 
This is equivalent to saying that the right-hand side is non-zero not- 
ing that a ^ pZ N . It can then be seen that both sides are equal to 

(-l)' (B)+B °- 1 o*(.)[? l '" lno ]- D 



3. VOSTOKOV'S PAIRING 

As usual, 7Ti, . . . , ii N is a fixed system of local parameters and k is 
the iV-th residue field of F. Let L (F) = W(k)((t N )) . . . (fa)) C L{F) 
with the induced topological structure. Set 

I a>0 J 

and 0° = W(k) + m°. Clearly, m° C O C L (F) and L (F) = 
|J ir a O°. Let 7?. be the multiplicative subgroup in L (J r )* generated 

a>0 

by the Teichmuller representatives of the elements of k, the indeter- 
minants ti, an d the elements of 1 + m°. Let k : 7?. — > F 

be the epimorphic continuous morphism of iy(fc)-algebras such that 
n(ti) = 7Tj, where 1 ^ i ^ N. We use the same notation k for the 
unique P-continuous epimorphism of W{ k)- algebras Lq^T) — > F such 
that n(ti) = 7Ci for 1 ^ i ^ N. 
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3.1. The differential form fi. For any uq,...,Un G 1Z, denote by 
Q = Q(uq, . . . ,Un) the following differential form from Q^^y. 



^ (-l)*/t ( -diogWo J A • • • A ( -diogWj 



A d\ og u i+ i A • • • A di og u N 



H-l 

' \ n " I \ n 

where for ^ i ^ N, fi = (1/p) \og(v% / aiii) . Notice that all fi G m° 
(use that crui/u? G 1 + m°) and 

(14) dfi = d\ og Ui - {a i 'p)di og u i . 

Proposition 3.1. ilmoddil^o 1 is skew symmetric in u , . . . , u^. 

Proof. Prove that ilmoddil^ 1 changes the sign under the transposi- 
tions Ui <r> u i+ i, ^ i < N. Consider the identity (use ( TH"j) ) 



fid\ og u i+1 - f i+ i{o-/p)di og Ui + f i+1 di og Ui - fi{a/p)di og u i+1 = d(fj, 



i+l) 

Then the form f2(. u i+ i, . . . ) + fi(. . . , u i+ i, Ui, . . . ) is congruent 
modulo dVl^ 1 to the form 

(o-/p)di og u A • • • A (cr / 'p)d log u i _ 1 A d(fif i+1 ) A di og u i+1 A • • • A d log u N 

and, using again identity f }T4|) . we conclude that this form is exact. □ 



Let e = (ei, . . . , ejv) G 1* N be such that ff^ 1 . . . jp G C^, where 
Of is the iV- dimensional valuation ring of F. We introduce the W(k)- 
algebra £° = O [\p/f t ep /p\] and set C = C° <g) o L (F). Clearly, 
we have £ = \Jt- a C°. 

The algebra £ is a suitable completion of L (F) and its elements 
can be treated as formal Laurent series in ti, . . . , ijv with coefficients in 
W(k). In particular, £° consists of formal Laurent series ^2 aeZ N w a t a 
with coefficients w a G W(k), such that: 

— if n ^ and a ^ epn then v p (w a ) ^ — n; 

— if n ^ and a ^ —ep(n — 1) then f p (u> a ) ^ n. 

We can use the above Laurent series to define the ^-residues Res,c lo 
for any oj G Q^. If any such form u is the limit of u n G Ql (t)i then 
Res^w is the limit of Resov Therefore, we can use for the £-residue 
of u), the simpler notation Res a;. 

Lemma 3.2. Let 7rf . . . z^/p = r) G 0* F and let fj G 0° be such that 
K iv) = V- Then the kernel of k : 0°(F) — > F is the principal ideal 
generated by t e — pfj. 
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Proof. The proof follows easily from the fact that k induces a bijective 
map O {F)/t e -> F /p. □ 



Proposition 3.3. If uq 6 K and k(uq) = 1 then there are uj ,^ 1 G 
Qqo 1 such that for fl' = log(wo)c?i og «i A ■ ■ • Adi og UN — - log(wo)|rfio g Wi A 
■ A -d\ 0? UN, it holds Q = Q' + d(\og(u )uj + u 1 ) 



Proof. Clearly, Uq G l+m°. By above Lemma l3.2l the relation k(uq) = 1 
implies that log(wo) G C°. Then the statement of our Proposition is 
implied by the following identities: fo = log(wo) — (cr/p) log(wo) and for 
1 ^ % < N, 

fi(o-/p)d log u = d(f t \og(u )-fifo)-((r/p) \og(u )(d log u l -(a/p)d log u i ). 

□ 

3.2. Element H . As in the Introduction, choose a primitive p M -th 
root of unity (m G F and introduce H G m° such that H = H' p — 1, 
where H' G 1 + m° is such that k(H') = Cm modpOp. 

Clearly, we have dH G p m Qq . 

Lemma 3.4. a) There are o x G 0°* and 02,03 G 0° sitc/i that 

a) H = 0l t ep ^ p -^ +po 2 f/( p - 1 ) +p 2 o 3 ; 

b) Hq 1 G t- e P/^0°[[pt- e ]} C £; 

cj e 0°[[t ep /p]] C £° and 0°[[^ _1 /P]] = 0°[[t ep /p]]; 

d; (a/p)tf = #o(l + oi#o + o 2 (H^ 1 /p) + o 3 (p M /H )), where the 
coefficients o\, 02, 03 G O . 

Proof. In order to prove a) use that H' = 1 + ot e / pM 1 ( p ~ 1 ^ mod {p,t e ) 
with o G 0°*. Then b) and c) are implied by a). For part d), use that 
aW = # /p modpO° and therefore, aH = (1 + # ) p - lmodp M+1 0°. 

□ 

Lemma 3.5. If cu = log(u )u;i + uo with Uq, o>i G fi^o -1 then we have 
Res(tf-W) ep M W(k). 

Proof. Note that Res( J ff" 1 c/w) = -Res(d(l/#) A w), where u/H 2 G 

t-2ep/(p-l)£0^-l and dH e p MQl Q0 , It follows that 

d(l/H) Aw = (u;/# 2 ) Affi6 p w r a */< p - 1 >£°figo. 
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It remains to notice that ep > 2ep/(p — 1), which implies that 
Res(t- 2epl /( p - 1 )£°c/ti A • ■ • A dt N ) c W(k). □ 



Corollary 3.6. With the notation from Proposition ^. 3\ we have 
Res(tt/H) = Res(n'/H)modp M . 

Proposition 3.7. If h G 0°[[t ep /p}] then 

( hd Xog t x A ■ ■ ■ A d iog t N \ ( fediogti A ■ ■ ■ A d iog t N \ M 

Kes V H J V {°Ip)h ) p ' 

Proof. We follow the strategy from the proof of Lemma 3.1.3 in [Ab]. 

By Lemma 13.41 1) it will be sufficient to prove the congruence 
Res(£/dio g £i A • • • A di og ijv) = Omodp M , where 

h 1 H l f{HS- 1 /p) l >(p M /H) l > 

G = Ho 

with hi G 0°[[t e P/p]], h, l 2 , l 3 G Z^ and h + l 2 + h> 1. 

If l 3 = then Q G C°[[i ep /p]] and, therefore, the residue 
Res((M og ti A ■ • • A d\ og t^) = 0. 

If l 3 ^ 1 then use that H^/p.p/H G £° to obtain that 

G G ( P M /H 2 )C° C p^ r 2ep/-D £ 

Similarly to the proof of Lemma 13.51 this implies that the residue 
Res(£di og ^ A ■ ■ ■ A d log t N ) G p M W(k). □ 

3.3. A construction of Vostokov's pairing V. For any elements 
Mo, • • • , G 7Z, set 

(15) V(u , ...,u N )=Tr {Res^pj modp M , 

where, as earlier, Tr is the trace map for the field extension W(k)q p /Q p . 
Then Proposition 13. II and Lemma I3"31 imply that V is an (A + l)-linear 
skew-symmetric form on 1Z with values in Z/p M . 

Proposition 3.8. If k(uq) = 1 then V(uq, . . . , u^) = 0. 

Proof. By Propositions 3.3 and 3.7 it will be sufficient to prove that 

cxRes ( °^}^ d\ og Ui A ■ • ■ A di og u N ) = 
\ n o J 

Res ( ^ a ^a^p)H^ ^ a / v ^ dlo ^ Ul A " ' A ( a /p) d ^s u Nj modp M 
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Let be the subalgebra in C consisting of the formal Laurent series 
/ = J2aez N w at a suc h that a (I) := J2 a ez N a ( w a)t ap £ £. Then one can 
verify that for any r G C^ l \ 

crRes(rdi og iti A • • • A di og wjv) = Res ^cr(r) — <ii og wi A • • • A — cfiog^ivl . 

It remains to note that k{uq) = 1 implies (use Lemma f3.2p that r = 
log(«o)/-Ho G >D -1 ) and, therefore, a(r) = (a/p)\og(uo)/(a/p)H . □ 

Corollary 3.9. The form V factors through the projection k : 1Z — > 
F* and defines an (N + 1) -linear skew- symmetric form V on F* with 
values in Z/p M . 

We now verify the Steinberg relation for V. 
Proposition 3.10. If Ui + u = 1 then V(u , u\,...Un) =0. 

Proof. As usually, it is sufficient to verify this property for uq G m°. 
Then by Lemma 13.51 it will be sufficient to prove that 

(16) fodiogU! - fi(cr/p)d log u = dF 

where F G 0°. 

For any u G 1Z, set l(u) := (1/p) \og(u p /au). By computing in 
Lq(F) ® Q p we obtain the identity 

Z(uo)4> g (l - Mo) = d(hi 2 {u ) + log(l - uq)1(u )) 

where Li 2 (X) = / log(l -X)X~ l dX = J2 n >i X n /n 2 is the dilogarithm 
function. This identity implies that ( Fl6|) holds with 

F = Li 2 (w ) - (l/p 2 )U 2 (au ) + log(l - u )l{u ). 
It remains to prove that F G 0°. 

Using the expansions for Li 2 (X) and log(l — X) we can rewrite F as 
a double sum F = J2 m s Frn S u™ v , where: 

- the indices s and m run over the set of all non-negative integers 
with additional condition that m is prime to p; 

— for all (prime to p) indices m, we have 

F m0 = 1/m 2 - (l/m)l(u ) 
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and for all s ^ 1 



■ 

s-l ■ 



mp 

0~U 

Clearly, F m0 G 0° and F ms appears as the result of the substitution 
of X = —ml(uo) G m° into the p-integral power series of the function 
(p s X)- 2 (l+p s X-exp(p s X)). Therefore, all F ms G 0° and F G 0°. □ 

Corollary 3.11. V induces a bilinear continuous non- degenerate pair- 
ing V : K 1 (F)/p M x K N (F)/p M — > TLjp M , which factors through the 
canonical morphism of the left-hand side to K^+i{F)/p M . 

Proof. The only thing to verify is non- degeneracy. This can be done 
by routine calculations with the corresponding topological generators 



from Subsections 11.21 and 11.31 The most important fact is that 

V(e , {vri, . . . ,71-jv}) = 1, 

where €q = 8(aoH ) is the p M -primary element from Remark 1) of 
Subsection 11.21 □ 

Remark. 1) The above construction of the pairing V depends on 
the choice of a primitive p M -th root of unity (m- However, Vostokov's 
pairing appears in the form 

(17) V : K^/p™ x K N {F)/p M — ► (Cm). 

where for any a G K l {F)/p M and (3 G K N (F)/p M , V(a,P) = Cm"'®, 
and this pairing is independent of the choice of (m- 

2) The above Corollary immediately implies that Vostokov's pairing 
(fT7|) coincides with the M-th Hilbert symbol 

( , ) M : K 1 (F)/p M x K N {F)/p M — > (Cm) 

for the field F. Indeed, the norm property of the Hilbert symbol 
implies that it factors through the canonical morphism Ki(F)/p M x 
Kn(F)/p m to Kn + i(F)/p m . Therefore, it is sufficient to verify that 
the Hilbert pairing is equal to (m on the generator {eo, tti, . . . , n n } of 
Kn + i(F)/p m . But this is exactly the basic property of the p M -primary 
element 9(aoH ), cf. Subsection | 
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4. The field-of-norms functor 

4.1. The field-of-norms functor. A^- dimensional local fields are spe- 
cial cases of the (N — l)-big fields used in [T7] to construct a higher 
dimensional analogue of the field-of-norms functor. The main ideas of 
this construction £1X6 cLS follows. 

Suppose K is an iV-dimensional local field and vk '■ K — > ZUjoo} 
is the (first) valuation of K. If K is an algebraic closure of K, denote 
by the same symbol the unique extension of vk to K. For any c ^ 0, 
let p c K = {x e K | vk(x) ^ c}. If L is a field extension of K in K, 
we use the simpler notation O^/p instead of 0z,/(p c fl 0£). Clearly, 
if [L : K\ < oo and e(L/K) is the ramification index of L/K, then 

n c _ ^e(L/K) 

Pk — Pl 

An increasing fields tower K, = (K n ) n ^ Q , where K = K, is strictly 
deeply ramified (SDR) with parameters (no, c), if for n ^ no, one 
has [K n+ i : K n ] = p N , c ^ vk(p) and there is a surjective map 
/o f — > {OF n+1 /p c ) d or, equivalently, the p-th power map in- 
duces epimorphic maps 



i N (K.) : Kn+1 /p c K — ► K Jp 



This means that for n ^ no, K^} ± = Kn and there are systems 
of local parameters itj , . . . , u^ 1 in K n such that for all 1 ^ i ^ N, 

(n+l)p (n) 1 , c 

u\ " = u\ ' modp^. 

The field-of-norms functor X associates to any SDR tower K m an 
N- dimensional field /C = X(K 9 ) of characteristic p such that its N- 
dimensional valuation ring O/c coincides with hrn Ok„/Pk- Then for 

in(K,) 

n ^ no, we have the following properties: 

— the last residue fields of /C and K n coincide; 

- the natural projections from 0% to Ok u /P c k induce isomorphisms 
of unitary rings 

(19) K /p% ~ K Jp c K 

where c n = p n ~ n °e(K no /K); 
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- if Mi, . . . , un is a system of local parameters in K, then there are 
systems of local parameters , . . . , in K n such that for 1 ^ i ^ N, 
urn u) = Ui. 

n 

Suppose L is a finite extension of A in A. Then the tower L. = 
(LK n ) n ^o is again SDR and A(L.) = £ is a separable extension of /C 
of degree [AA n : A n ], where n ^> 0. The extension £//C is Galois if and 
only if, for n ^> 0, LK n /K n is Galois. An analogue of the identification 
( TO?]) can be used to identify Gal(£//C) with Gal(LA n / K n ). 

Finally, A (A) : = limX(L.) is a separable closure JC sep of /C and 

the functor X identifies Gal(/C sep //C) with Gal(A /K^), where Aoo = 
limA„. 

n 

4.2. Applications to A-groups. Suppose there is an SDR tower 
A. = (A n )„^o with parameters (uq, c) and the ring epimorphisms 
i n = i n {K.) : Kn+1 /p c K — > Kn /p c K - Define for n ^ n , the mor- 
phisms 

jn = UK.) : A^(A n+1 )/^A^(A„ +1 ) — > K t N (K n )/U c K K t N (K n ). 

as follows. Choose systems of local parameters , . . . , i% of A„ such 
that for 1 ^ i ^ N, vl( 1+1 " >p = tif^ modp 1 ^. Consider the lifts i n of the 
morphisms i n : 

In. : $>ak (n+1)a ^ E[^]vE Wa , 

a a 

where a = (a x , ...,a N )e Z N , 6 a G ^, and 7rM a = vr[ n)ai . . . ^ )aN . 
Then 2 n (A* +1 ) C A* and we may consider 

induced by ai <E> ■ ■ • <8> ciat h-» {2„(a;i), . . . , 2 n (ajv)}. Note that for any 
a, (3 G A* +1 , we have 

— z n (a/3) = ?„(a)? n (/3)7i with 71 G p^; 

- + 0) = z n (a)7 2 + 2 n (/3) with v K (a) < and 72 G p^. 

This implies that the images of the relations for the Milnor A-group 
Atv(A„ + i) lie in C/£A^(A n ). Therefore, i% factors through the natural 
projection to A^(A n+1 ) and we can proceed modulo the subgroup 
L r ^ r A^ r (A n+1 ) because it is mapped to L r ^ : A^ r (A„). It can be seen 
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that the morphisms j n , n ^ Uq, depend only on the tower K, and its 
parameters (n ,c). 

Note that 

(20) (K t N (K n )/Uf c K t N {K n ),j n ) ri>no 

is a projective system. Consider the system of local parameters 
Ui = Kmu[ , . . . , mjv — for K, = X(F,). Similarly to the 

n n 

procedure of constructing the morphisms j n , we use the identifications 
O/c/pfc — OK n /pK to construct isomorphisms of topological .ff -groups 

L n : K^iiq/U^K^K) — ► K^K^/U^K^). 

These morphisms are compatible with the morphisms j n introduced 
above and determine the isomorphism 

^ : K^iK) — ► fm4(^)/^4(^). 

n 

For any < d < c, there is an induced projective system 

(21) (K^iK^/U'KUK^J'J^no. 

Its inverse limit coincides with Kj^(lC) and the composition of with 
the natural projection from (120]) to (12~TT) coincides with l^ c '\ 

4.3. Special SDR towers. We need the following additional assump- 
tion about the SDR towers K u . 

Definition. An SDR tower K, will be called special if for any n is no, 

there is a fields tower of extensions of relative degree p 

K n = K° n C K\ C • • • C Kt 1 C K» = K n+1 . 

Our main applications are related to the following example of a spe- 
cial SDR-tower. 



Definition. The tower = (F®) n ^ is very special if F® = F and 
for alln ^ 0, the field F° has a system of local parameters 7rj n \ . . . 7rjy 
such that forl^i^N, 7rf n+1)p = 7rJ n) . 

Clearly, a very special tower F° is SDR with parameters (0,vf(p)) 
and X(F®) = J 7 . In this case we have also an isomorphism K^^F) ~ 
\^m. K t N (F^) induced in terms of generators from Subsection 11.31 by the 

n 

morphisms K^i^F) — > K^i^F®) such that: 
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-{^...^^{ttJ^...,^}; 

{1 + [9j]t °, , tj( a )_i, tj( a )+l, • • • , ^7v} ^ 

11 + ^"l7r (Tt)a 7T (n) 7T (n) 7T (n) TT^H 

i 1 + ' "l ' ' ' ' ' i(a)— 1' i(o)+l' ' ' ' ' AT J 

This means that in the case of a very special tower F.°, the group K^F) 
coincides with the limit of the projective system (i^(.F°))„5>o, where 
the connecting morphisms are the norm maps N F o + j F o : K t N (F^ +1 ) — > 
K t N (F^). We shall show that a similar property holds for any special 
SDR tower. 

Proposition 4.1. Suppose K, is a special SDR tower with parameters 
(n , c). Then for any c\ ^ c and n ^ n , 

where c 2 = c x + c/p - e(K n+l / ' Kq)' 1 . 

Proof. Choose a field tower K n = L C L\ C ■ ■ ■ C = K n+i , where 
for 1 ^ i ^ N, [Li : Lj_i] = p. One can show the existence of: 

— a system of local parameters 771, . . . , t]n of L ; 

— a system of local parameters r)[, . . . ,r)' N of L N ] 

1 2 ... N 

ji 32 ■■■ 3n 
such that for 1 ^ % ^ AT, = Lj_i(r/^) and = ^ modp^-. 

For any field extension £ of K in K, set := (1 + p£) n E. 

Lemma 4.2. For all 1 ^ i ^ N , we have 

a) N^/^'J = ^modUfiL^); 

b) ifaeLi anda-le p^ then N L . /L ._ 1 {a) - 1 G Pk +C/P VKiVji) . 



a permutation 



Proof. The congruences 77^ = r/j i modp^- imply that all conjugates of 
rj'j. over Lj_x are congruent modulo p c ^ p . Therefore, N L ./ L ._ 1 (r]'jJ = 
?7jmodp^ p . This gives part a) of Lemma. 

For property b), we can assume that a = 1 + [9]rff. G U^(Li), where 
9 G and 6 G N. Then all conjugates of a over Lj_i are congruent 
modulo Vj i b ~ 1 pK P = 1 l'j~ 1 p C K +C ^ P an( i this implies that N^/L^^a) = 
a^lmod^'-y^). ' □ 
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We continue the proof of Proposition 14.11 

Consider the following system of topological generators of the group 
U^iK^K^)). For any a = (a 1; ...,a N )e Z% set e ad = 1 + [6}rf, 
where 9 G and 

a /«1 / a s(a)-l P la s(a) + l p~ 1 CLN 

s(a) + l 'JN 

Here ^ s(a) ^ N is such that ajv = • • • = a a (a)+i = Omodp but 
a s ( a ) ^ Omodp. (Note that if s(a) = 0, i.e. a G pZ^, then rf G iT n .) 
With this notation, U^(K n+ i) is topologically generated by all e a g such 
thatfft-(?7 a ) ^ Ci. Therefore, (/^(if^+i)) is topologically generated 
by the symbols 

a a Bi = {e a 3,rf jl ,...,rf ji ^ 1 ,...,rf j ^ 1 ,...,rf js } 

with a G Z w , a > 0, 1 ^ % ^ iV and e ad G (K n+ i). If a £ pZ^ then 
it will be enough to keep in this list only the generators with i = s(a) 
and denote them by a a g := a a g s ( a y 

By Lemma 14.2b ) and the properties of the norm map from Sub- 
section ll.4[ we obtain that NL N /L s{a) (a a g) is congruent to the sym- 
bol {e ad , v' ja(a) _^Vj s(a)+1 , ••■,»&*} modulo t/ c '(i^(L s(a) )) if a £ 
pZ^ with 

c' = ci+c/p-max{vj<-(7^ #(o)+i ), . . .,v K (rf jtf )} «S c^c/p-eG^x/A") -1 

Applying Lemma l4~2b ) and using that e a e G L s ( ) but 77^, ... , rf^ G 
L s(a) _i, we obtain that the norm A r L JV /L s(a) „ 1 (a a e) G U c I l(K t N (L s{a) ^ 1 )) 
for c 2 = ci + c/p - e(iT„ + i/if) _1 . This implies that N LN / Lo (a a g) G 

Similarly, we can consider the case a G p1 N , where the index « plays 
the role of s(a) and we use that e a g G L C Lj-i. □ 

Corollary 4.3. For a special SDR tower K,, the limit of the projective 
system (U^Kj^(K n ), N K 

n +i/K n )n^o is trivial. 

Proposition 4.4. Suppose K, is a special SDR tower with parameters 
(no, c). T/ien there is < c° < c suc/i that for alln ^> ; i/ie morphisms 
j n in the projective system ( 1201) m& c replaced by c°, are induced by 
the norm maps N Kn+l/Kn : K l N (K n+1 ) — ► K l N (K n ). 

Proof. Let n ^ n be such that e(K n > + i/K) < c/p and c° := c/p — 
e(K n > + i/K). Take n ^ n and use the notation from Proposition 
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14.11 The group Klf(K n+ i) is topologically generated by the symbol 

fain ■■■» T fjif} and a11 a ^ = Wae, Vh,---, Vj N }, where a e Z N \ pZ N , 
a > 0. Applying arguments from the proof of Proposition 14.11 we 
obtain that 

N Kn+l/Kn (W n , • • • , i&J) = {nl Vfj mo&u£{K%{K n )) 

N Kn+l/Kn (a ae ) = {el e , r£, . . . , <. H1 , • • • , «}^(4W). 

□ 

Proposition 4.5. Suppose K, is a special SDR tower. Then for all 
n ^ 0, t/iere are homomorphisms Mjc/K n '■ K^iJC) — > Kj^[K n ) such 
that 

a) the system of morphisms {H)ciK n }n^o maps K f N (}C) to the projec- 
tive system (Kjf(K n ), N Kn+1 / Kn ) n ^ and defines a group isomorphism 
K^K) ~ ^mK^Kn); 

n 

b) for sufficiently small c > 0, the projective limit of the compositions 
ofN)c/K n with projections K^i^Kn) —> K^K^/U^K^Kn)) coincides 
with the isomorphism from Subsection \4-S\ 

Proof. Suppose (n' , c°) are the parameters for K 9 from Proposition 
14.41 For any a G K l N {1C) and m ^ n' Q , choose a m e Kj^(K m ) such that 
L m (amodUjc (Kpf()C)) = a m m.odU'^{K t N {K m )), where i m are isomor- 
phisms rom Subsection 14.21 

This allows us to set Afjc/K„( a ) = lim m-+oo N K m /K n (a m ) for any n ^ 
n' . 

Then Corollary 14.31 can be used to prove that the maps N"k/k„ are 
well-defined and satisfy the requirements of our Proposition. □ 

Finally, notice the following properties: 

Corollary 4.6. Suppose K, is a special SDR tower, JC = X(K,) and 

Ui, . . . , un is a system of local parameters of K. Then 

a) fl N^K^Kn) = N K/Ka Kt N {K); 

b) for all n > 0, Af/c/K n ({ui, ■ ■ ■ ,u N }) = {uf\ . . . , u$}, where 
. . . , Vrjy is a system of local parameters of K n . 
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4.4. The case of an arbitrary SDR tower F 9 . Suppose L/K is a 
finite Galois extension of iV-dimensional local fields in a fixed algebraic 
closure K of K and G = Gel(KfK). Then there is a unique maximal 
purely unramified extension K Q of K in L. This means that [K : 
K] = [k : k], where k and k are the N-th. residue fields of L and K, 
respectively. Let G = Gal(L/K ) and let G 1 = {t e G \ r(a)/a G 
1 + mi, Va G L}, where m^ is the maximal ideal of the N- dimensional 
valuation ring Ol of L. Then G\ is a p-group, it is normal in G and 
the order of Gq/G\ is prime to p. The field extension K 1 := L Gl of K 
is the maximal tamely ramified extension of K in L. Note that in our 
setting, any tamely ramified field extension is always assumed to be 
Galois. Keeping the above notation we obtain the following property. 

Proposition 4.7. Let K\ be a tamely ramified extension of K in K 
with the N-th residue field k and d = \K\ : K ]. If [a] is the Te- 
ichmuller representative of a generator a of k$ and ui,...,un is a 
system of local parameters in K then K 1 C K(^/\a\, tfui, • • • , ^/un)- 

Corollary 4.8. Suppose d is a natural number and d = p m d, where 
d is prime to p. Let k/k be a field extension of degree d. Choose a 
generator a of k* , a system of local parameters u±, . . . , of K and 
set K(d) := K(y/\a\, ^ui, . . . , $un). Then K(s) contains any tamely 
ramified extension of K of degree dividing d. 

Proposition 4.9. Suppose K, is an SDR tower with parameters (n , c) . 
Then there is a tamely ramified extension K' nQ of K no such that the 
tower K' 9 = {K n K' no \ n ^ 0} is a special SDR tower. 

Proof. We need the following Lemma. 

Lemma 4.10. Suppose N G N and L/K is a totally ramified separable 
extension of K of degree p N , i.e. L^ = k. Let d = (p N )\ = p m d 
where m,d G N and d is prime to p. Then there is a fields tower 
L' C L[ C • • • C L ~ such that 

a) L' is a tamely ramified extension of K of degree dividing d; 

b) forl^i<:N, [L' i :L[_ 1 ]=p; 

c) L'~ = L' L. 

Proof of Lemma. Since L/K is separable there is 9 G L such that L = 
K{9). Therefore, there is a Galois extension K of K of degree dividing 
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d := (p N )\ such that L C K. Let L' be the maximal tamely ramified 
extension of K in K. Then L' C L~ := L' L C [L~ : L' ] = and 
G := Gal(K / L'q) is a finite p-group. Then elementary group theoretic 
arguments (e.g. any finite p-group has a central subgroup of order p) 
show the existence of a decreasing sequence of subgroups 

H := G D H 1 D ■ ■ • D H s _ v D ^ := G&\{K/L' R ) 

such that for 1 ^ i ^ N, (if, : = p and we can take L- = 

£T^\ □ 

For every n ^ n , let ^ := Lq where L' is the field from the above 
Lemma chosen for K = K n and L = K n+1 . Since [K' n : K n ] divides 
d = (p )!, the field i-T^ is contained in the tamely ramified extension 
K n (d) of ii'n, from Corollary 14.81 It remains to notice that for every 
n ^ no, K n (d) = K no (d)K n . The Proposition is proved. □ 

For any iV-dimensional local field K, set Kn(K)m '■= Kn(K) /p M . 
If L is a finite extension of K and c ^ denote by U^K N (L) M the 
image of UfcK^L) in K N (L) M . 

Proposition 4.11. Suppose F, is an SDR tower such that a prim- 
itive p M -th root of unity Cm £ -Poo — [J F n . Then for any c > 0, 

\^mU F K N (F n ) M = 0. 

n 

Proof. We can assume that F. has (0, c) and (m £ F := F . Let F' 
be a tamely ramified extension of F such that the SDR tower F' 9 = 
{F'F n | n ^ 0} is special. Let C n be the kernel of the natural map 
UpK N (F n ) M to U F K N (F^) M induced by the embedding F n C F' n . By 
Corollary I4.3[ \^mU F KN (F^ ) m = 0. It remains to prove that h_mC„ = 0. 

n n 

Suppose F is the maximal absolutely unramified extension of F in F' 
of p-power degree. Then property (2) of norm maps from Subsection ll.4l 
implies that the natural map Kpf(F n F)M — > K^(F n F')M is injective. 
Therefore, for n ^ 0, C n is the kernel of the natural map from Kn{F u )m 
to K N (F n F) M . 

Consider the Shafarevich bases of these -fT^-groups from Subsec- 
tion 11.31 using the Hasse p M -primary elements 6q. By extending an 
Fp-basis of F^ to an F p -basis of (F n F)( N \ we can assume that the 
corresponding part of the Shafarevich basis for K N (F n F) M extends the 
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corresponding part of the Shafarevich basis for K N (F n ) M . This implies 
that C n is contained in the subgroup of Kjsi{F n )M which is generated 
by the elements of the Shafarevich basis which depend on e . Going 
again to the SDR tower F' 9 we obtain that if y is a such generator in 
K n (F n+1 ) M then N Fn+l/Fn (y) G pK N (F n ) M . Therefore, hmC n = 0, as 

n 

required. □ 

Corollary 4.12. Suppose F, is an SDR tower such that a primitive 
p M -th root of unity (m belongs to Foo and T = X(F,). Then 

a) for n ^ ; there is a system of homomorphisms 

M TjFn : K N {T) M — ► K N {F n ) M 

mapping K N (F) M to the projective system (K N (F n ) M , N Fn+l/Fn ) n ^ 
and defining a group isomorphism Kn(F)m — \^ra.K ^ {F n ) m ; 

n 

b) for any n ^ 0, there is an m ^ n such that 

M F/Fn (K N (T) M ) = N Fm/Fn (K N (F m ) M ). 

c) for all n > 0, Af F/Fn ({t l} . . . , t N } M ) = , • • • , ^ ] }m, where 
t±, . . . , tw and 7r[™' ) , . . . , nffl are the systems of local parameters in J 7 
and, resp., F n , and {,..., }m denotes the symbol {,..., } taken 
modulo p M . 



5. Applications to the Hilbert symbol 

As earlier let F be an iV-dimensional local field of characteristic 
with the first residue field of characteristic p and a fixed system of local 
parameters 7Ti, . . . , tin] we use the notation T for an N- dimensional lo- 
cal field of characteristic p with a system of local parameters t±, . . . , i/v- 
The last residue field of both F and J 7 will be denoted by k. 

5.1. Parshin's reciprocity map. Consider the non-degenerate per- 
fect Witt-Artin-Schreier pairing 

(22) W M {T)/pW M {T) x T F (p)/p M Z/p M , 

where for any w G Wm{F), p{w) = a(w) — w, and V F (p) is the Galois 
group of the maximal abelian p-extension F(p) of J 7 . Then the Witt 
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symbol, cf. Subsection \2.2\ implies the existence of injective group 
homomorphisms 

6£ : K t N {T)/p M — ► T T {p)/p M = llom(W M (F)/p(W M (F)),Z/p M ). 

By taking the projective limit over M € N, we obtain an injective ho- 
momorphism : Kj^lJ 7 ) — > Tjr(p). Here, as in the Introduction, we 
use the same notation for homomorphisms and their reductions modulo 
p M . Then the explicit formula for the Witt symbol from Subsection 
12.21 implies that is P-continuous. In [HI [151 US] Parshin used 
to develop class field theory of higher local fields of characteristic p 
by proving that for all finite abelian extensions £ of T in J-(j>), 
induces the group isomorphisms 

Q p £/T : K* N {F)/N e/3 :K* N {£) — ► Gal(£/7-). 

The explicit formula for the Witt symbol implies that the intersection 
of all Ng/j:Klf(£), where £ runs over the family of all finite abelian 
extensions of J 7 , is trivial. Therefore, is the composition of the 
canonical embedding 

£ 

and the isomorphism 9^ := h_m6|' / , jr : Kj^i^J 7 ) — > IV(p). 

£ 

This gives the morphisms 

(23) Tf/p M % K%{F)/p M K%{F)lp M , 

where 6^ = (Og/j^J is a group isomorphism and jjr is embedding 
with a dense image. 

Let J rttr be the maximal absolutely unramified extension of J 7 in 
J-{p). Denote by <pjr G Gal(J riir /J r ) the Frobenius automorphism of 
this extension. Let J 7 " 1- be the subfield in F{p) invariant under the 
action of 0£({ii, • • • , i^})- Using the explicit formula for the pairing 
(|lip from Subsection 12.21 one can easily obtain the following properties: 

a) T(p) = jr+jrur and jr+ n = jr. 

b) {ti, . . . , f/v} generates the group f^Ng/^Kj^^), where £ runs over 

£ 

the family of all J 7 C £ C J z+ such that [£ : J 7 ] < oo; 

c) 6;^ (V if at (J 7 )) is a closed subgroup in Yjr{j>) ab and its invariant 
subfield is T UT \ 
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e) VK t N (J r ) = ^\N£/fKn(£), where £ runs over the family of all 

e 

finite extensions of J 7 in T ur . 

5.2. Fesenko's reciprocity map. In [6], Fesenko defined the reci- 
procity map for higher local fields of arbitrary characteristic. This 
construction can be specified in our situation as follows. 

Let K be either T or F. Let L be a finite extension of K in its 
maximal abelian p-extension K(p). Denote by L ur and K ur the maxi- 
mal absolutely unramified extensions of L and, resp. K, in K(p). Set 
L = K ur n L. 

For any r G Gal(L/ K), consider its lift f G Gal(L ur / K) such that 
f\ K ur = (p l K , where i 6 N and (fx is the Frobenius automorphism of 
K ur /K. Such lift exists because K ur and L are linearly disjoint over 
Lq. Let S be the subfield of f- invariants in L ur . Then S is a finite 
extension of K such that T,K ur = L ur . Denote by Trf, . . . , 7rJ^ a system 
of local parameters in E. Then Fesenko's reciprocity map is defined to 
be 

ef /K : Gal(L/K) — ► K% (K)/Nl/k {K* n (L)) 

such that for any r G Gal(L/K), 6f /x (r) = cl L/ ^(A^ E/ ^({7rf , . . . ,7r|j-}), 
where for any a G K^^K), c\l/k(<^) is the image of a under the natural 
projection of K%{K) to K t N (K)/Ni/K(K t N (L)). The maps 6f /K are 
well-defined group homomorphisms. The proof generalises Neukirch's 
1-dimensional approach from [13] . 

Remark. Fesenko establishes his construction of class field theory 
for higher local fields by proving that all Qf/ K are isomorphisms. We 
do not assume this until the introduction of the M-th Hilbert symbol 
in Subsection 15.51 

Taking projective limit we obtain Fesenko's reciprocity map in the 
form 

6| : Tt — ► I^X^WINl/k^L) := K^K). 

L 

The following properties follow directly from the above definitions. 

a) Suppose L C K ur and r = <Pk\l- Then 0* /^(r) = c1l//c({ m i, • • • , u n}), 
where ui, . . . , is a system of local parameters in K. 
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b) Suppose L/K is a finite abelian extension, K\ is a finite field 
extension of K and L\ = LK\. Then there is a natural group homo- 
morphism k : GaX{L\/ K{) — > Gal(L/K) and the diagram 

e* 

Gal(L 1 /Ki) ^-U* K l N (Ki)/ Nl ± /k x Kn {Li) 



pi* 



N Kl /K 



Gal(L/ K) K^/NljkK^L) 

is commutative. 

The following proposition shows that Parshin's and Fesenko's reci- 
procity maps coincide in the case of fields of characteristic p. 

Proposition 5.1. Suppose S is a finite abelian extension of J 7 inF(p). 
Then the diagram 

i>(p) - KiJ 7 ) 



is commutative, where the vertical maps are the natural projections. 

Proof. The group K^J-) is generated by the symbols {i^, . . . , i' N }, 
where i[, . . . ,i' N run over all systems of local parameters in F. There- 
fore, it will be sufficient to consider the images of a = {i x , . . . , i N }. 
By Subsection 13. II we have 0^(a)|jr«r = ip T and 6^(a)| J r+ = id. Ac- 
cording to properties a) and b) of Subsection 15.21 this implies that 
ef /-F (e p (a)) belongs to 

— &s/t ^^^£i/t{K^(Ei)) \ , where E\ runs over the set of all finite 
extensions of F in F + , which is a group generated by clg/jr(a); 

— d £/ jr(amodVK N (F)). 

Therefore, &f /r (Q p (a)) = c\ e/T {a). □ 

5.3. Compatibility of class-field theories. Suppose E is a finite 
field extension of F and F, = (F n ) n ^ with F = F, is a special SDR 
tower. Then E, = (E n ) n ^ , where E n = EF n , is also a special SDR 
tower and £ = X(E,) is a finite separable extension of F = X(F 9 ). 
Notice that for any n ^ 0, there is a commutative diagram 
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K(E n ) - 



N 



En/ F n 



We shall use the notation J\fe/F,n for the morphism 

K^/Ne/^K^S) — ► K^/N^KUEn) 

induced by Mr/F n - 

Suppose that E is abelian over F. Then £ is also abelian over J 7 , 
and for any n ^ 0, we have natural homomophisms 

t £/F , n : Gal(£/F) — >■ Gal(£ n /F n ) 
which are isomorphisms for n ^> 0. 

Let fcg/jr,, := fc £/ jr and A/g/^o := Me it- 
Proposition 5.2. T/ie diagram 



Gal(£/F) 

t-e/F 

GaA(E/F) 
is commutative. 



a* 



K^^/Ns/jr^e) 
K^F)/N E/F KUE) 



=id 



Proo/. Let r G Gal(£/.F). Construct f G Gal^/J 7 ) and 5 = £ h 
to define Fesenko's element 

Qe/Ar) = Ns/Aiun ■ ■ ■ ,*n}) G K^M/Nc^K^C). 

where ui, . . . ,un is a system of local parameters of *S. 

For any n ^ 0, consider an analogue 

: Gal(£ ur AF) — > Gal(^7F n ) 

of t£/x;,n- Let r n = t£/j-, n (r), f n = ^/^(f) and set S n = L^ r | fn=id . 
Then from the construction of the field-of-norms functor X it follows 
that S. = (S„) n>0 is an SDR tower and X(E,) = S. Therefore, for 
n > 0, 

Me/rAGe/Ar)) = Ms/tA n s/A{^ ■ • ■ , M) mod 
= NwMfrduu . . . , un}) mod Ne^K^)) = e% n/Fn (r n ). 



FIELD-OF-NORMS FUNCTOR AND HILBERT SYMBOL 



39 



It remains to apply the property b) from Subsection 15.21 



□ 



Finally, we can use the results of Subsection 14.41 to establish the 
compatibility of class field theories for the fields F and F = X(F m ) if 
F, is an arbitrary SDR tower such that Qm £ F^. This property can 
be stated in the following form. 

Corollary 5.3. With the above notation and assumptions one has the 
following commutative diagram 



Tf/p M - 

L T/F 

Tf/p M - 



K N (F)/p 



M 



TIF 



KJ F 



K N {F)/p 



M 



K N {F)/p 



M 



N 



T/F 



K N {F)/p 



M 



where the right horizontal maps are natural embeddings and i^if '■ 
Tjr — > T F is given by the field- of -norms functor. 



5.4. Relating Witt-Artin-Schreier and Kummer theories. Con- 
sider an iV-dimensional analogue R(N) of Fontaine's ring. By defini- 
tion, R(N) = l^m(Op/p) n , where the connecting morphisms are in- 

n 

duced by the p-th power map on Op. If r = (r n modp) n ^o £ 
with all r n G Op and m G Z, set r^ : = lim^oo r^ +m G Op and 
consider Fontaine's map 7 : W(R(N)) — > Op given by the corre- 
spondence 

(w ,...,W n ,...) M- J2p nW n ] - 

Let F, be an SDR tower with parameters (0, c). Then we have nat- 
ural embeddings 

O t = ^mO Fn /p c F C ^mOp/p c F = \jmOp/p = R(N), 

n n n 

where Oj?, Fn and Op are the corresponding iV-dimensional valuation 
rings. This implies that F C R (N) := Frac i?(iV). Note that R (N) 
is algebraicly closed and equals the completion (with respect to the 
first valuation) of the algebraic closure of F in Rq(N). We have also 
a natural embedding Cl^) C W(R (N)). In particular, Tjr acts on 
Rq(N). In terms of the fixed system of local parameters in L(F), F 
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(n) 



and F n , where n ^ 0, we have for all 1 ^ i ^ N, that ti = lim 

n 

^ = [U] G W(i*(JV)) and 7 (ti) = lim 7rJ nK . 

n— >oo 

Suppose G and F, is w-admissible, cf. Introduction for the 
deinition of an w-admissible tower. Then we can fix a primitive p M+w - 
th primitive root of unity (m+uj G F u and introduce an element H u G 
as follows. 

Let H' G T be such that 
(24) if' mod pf c = Cm+u mod 

under the identification Opjp v T c = Op^/pp from the definition of J 7 = 
X(F m ). Take any H G Cl(jp') such that Hmodp = H' and set = 

Suppose / G m° = {X^a*" I w^a G W{k)}. For any r G IV, let 

a>0 

a r (/) = r(T)-T, where T G W(i?b(iV)) is such that a(T)-T = f/H u . 
Clearly, a T (f) G Z p for all r G TV. 

Suppose g G F^. For any r G Tj-, define b T (g) G Z/p M such that 
(rf/)?/- 1 = Cm+J 9) ; where U <E F is such that £/ pM = We use the 
identification IV = Gal(F/Foo) given by the field-of-norms functor X. 



Recall that 



a>0 \a>0 J 



defines a homomorphism 6 : m° — > F^, where E(w, X) is the Shafare- 
vich generalisation of the Artin-Hasse exponential, cf. Introduction. 

Proposition 5.4. For any f G m° and r G Tp, we have the equality 
a T (f)modp M = b T (6(f)). 

Proof. Let e G R(N) be such that = 1 but ^ 1. We assume 
that e ( M+bj) = (m+w Then relation (J2U) implies that 

H mod p = s p + " modp^- c . 

The ideal p p -p c is generated by the element (e — l) ^ -1 )/^^^) and, there- 
fore, 

iP" +1 modp = ^" (M_1) mod (e - 1)^(p-D/^(p). 
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Using that F, is w-admissible, we obtain the existence of Wi G W(R(N)) 
and wl G W{Rq{N)) such that 

^ +1 = [ £ r (M - 1) + ([ £ ]-l)V+^ 1 °. 
Therefore, there are w 2 G W(R(N)) and w° G W(Rq(N)) such that 

fl w = [ e ]-l + ([e]-l)V+P M wS 
and for some w G W(i2(iV)) we have 

Jf = (ppi + w ) modp M ^( J R (iV)). 

For any r G 1>, let <(/) = rT' - T' G Z p , where T' G W(i?o(iV)) 
is such that a(T')-T' = f/([e] - 1). Clearly, lim<7'(/w) = and this 

s— >oo 

implies that a^(/) = a T (/)modp M . 

Now one can proceed along the lines of the Main Lemma from [1] 
(or cf also [2J) to establish that a' T (f) modp M = b T (6(f)). □ 



Corollary 5.5. If cxq G W(k) is such that Tr(cto) = 1 then 

a) 8(aoHo) is a p M -primary element of F; 

b) if <p is the Frobenius automorphism of the extension F ur /F then 
<K9(a H )) = ( M (e(a Q Ho)). 

Proof. Indeed, 9(a H ) G 1 + nip and therefore we can study T F - 
properties of the extension F( v y/ 0(o.qHq)) by studying rjr-properties 
of the extension F(T), where T G Wm(Ro(N)) is such that er(T) —T = 
a . But this extension is absolutely unramified of degree p M by Witt's 
explicit formula from Section [2]). This proves part a). In order to prove 
b), it is sufficient to note that <f>(T) — T = cr s (T) — T = Tr(«o) = 1, 
where [k : F p ] = s and then to apply Proposition 15.41 □ 

5.5. Proof of Theorem 10.11 Suppose F m is an SDR u- admissible 
tower with parameters (0,c), F = F, T = X(F m ) and (3 G K N (F). 
Then there is an r G T a p such that (in the notation of Subsection H]) 

e|(rmodp M ) =A/>/ir(/3modp M ). 

By Corollary I5.3[ there is an f G T a £ such that r = Lt/f(t) and 
9*(f) = (3, using the notation from the Introduction. 

For any / G m°, let (Q(f), A^ /F (/3))^ = where A e Z /P M - 
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We construct the corresponding H w G m°, cf. Introduction and use 
Proposition 15.41 to deduce that: 

- if U E W(R (N)) is such that a{U) -U = f/H u then 

fU -U)modp M = A. 

Finally, by Proposition 12. 5[ 
Theorem IU.1I is proved. 

5.6. Relation to Vostokov's pairing. Suppose that G F and 
F® = {F® I n ^ 0} is a very special tower given in notation of Sub- 
section 14.31 such that F® = F. Recall that each F® has a system of 
local parameters 7r[ n \ . . . , irffi such that for 1 ^ i ^ N : tt^ = 7Tj 
and ^ n+lS>p = 7r^ n \ Then F® is a 0-admissible SDR tower. As ear- 
lier, J 7 = X(F®) with system of local parameters U = hm7r ? - n ' > , where 

n 

1 ^ i ^ N, and L^) is the corresponding absolutely unramified lift 
of T to characteristic with local parameters p,t\, . . . , tjv such that 
tjinodp = ii, 1 ^ i ^ N. We have the following result. 

Theorem 5.6. For above SDR tower F®, the explicit formula for the 
M-th Hilbert symbol from Theorem \0.1\ coincides with Vostokov's pair- 
ing. In other words, for very special towers the field- of -norms functor 
transforms Witt's pairing to Vostokov's pairing. 

Proof. Note that the very special tower F® has the following advan- 
tages: 

- the map 7 : 1 + m° — > F is given by the correspondences U 1— > 7^, 
1 ^ % ^ N, and hence coincides with the evaluation map k from the 
beginning of section [31 

- the Coleman map Col : Kj^lF) — > K l N {L{F)) has a very simple 
explicit description in terms of the standard topological generators of 
the corresponding i^-groups, cf. the beginning of Subsection 12.31 

It will be sufficient to verify the coincidence of the both explicit for- 
mulae on the standard topological generators of F* jp M and K^(F) jp M 
from Subsections 11.21 and 11.31 It can be seen that on these generators 
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(due to the above mentioned properties of very special towers) the for- 
mula from Theorem 10. II coincides with the "z = 0"-term of Vostokov's 
formula. In the notation of Section |3] we, therefore, need to verify that 
for 1 ^ i ^ N, the i-parts 

Vi := Tr(ResHQ 1 f i (a/p)di og u A- ■ • A(a / ' p)di og u i -xAd] og u i+ iA- ■ -Adi og u N ) 

of Vostokov's formula give a zero contribution on standard generators. 
The variable uq can take the following values: 
di) tj, where 1 ^ j ^ iV; 

a 2 ) 1 + [6]t a , where 9 G k and a = (a x , ...,a N )eZ N \ pZ N , a > 0; 
03) aoH in the notation from Subsection 15.51 

The symbol {ui, . . . ,un} can take the following values (the genera- 
tors containing eo do not come from Kn(J-)): 

bi) {*!, . . .,t N }; 

b 2 ) {l+[0']t 6 ,ti,...,ti(6)_i,ti(6)+i,...,tjv}, where 9' <Ek,b = (6i,...,6jv) 
belongs to Z N \ pZ N , b > 0, b^ = . - - &i(6)+i = Omodp and b^b) ^ 
mod p. 

In the case b\) Vi = for any u , because /, = 0. 
In the case 03) Vi = for any {ui, . . . ,un}, because (a/p)d\ og H Q G 
p M Qo«- 

In the case 0162) we can assume that j = i(b) and % — 1. Then the 
differential form from the expression of V% is a linear combination of the 
differential forms H^^d^ti A ■ ■ ■ A d\ og t N for u G N, u ^ modp. All 
these differential forms have zero residue because H G cr(m°)modp M . 

Similarly, in the case 0262) we can assume that i — 1 and that the 
corresponding differential form is a linear combination of the forms 
H- 1 t spa+ub d iog t 1 A • • • A diogtjv for s, u G Z >0 and it ^ Omodp. All these 
forms have zero residue for the same reason. 

The Theorem is proved. □ 
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